Abstract: We study eikonal scattering in the context of Kaluza-Klein theory by considering a massless scalar field coupled to Einstein's gravity in 5D compactified to 4D on a manifold M 4 × S 1 . We also examine various different kinematic limits of the resulting eikonal. In the ultra-relativistic scattering case we find correspondence with the time delay calculated for a massless particle moving in a compactified version of the Aichelburg-Sexl shock-wave geometry. In the case of a massless Kaluza-Klein scalar scattering off a heavy Kaluza-Klein mode a similar calculation yields the deflection angle of a massless particle in the geometry of an extremal, Q = 2M , Einstein-Maxwell-dilaton 4D black hole. We also discuss a related case in the scattering of dilatons off a large stack of D0-branes or D6-branes in dimensionally reduced D = 10 type IIA string theory.
Introduction
It has long been understood that in considering the process of 2 → 2 elastic scattering of particles coupled to gravity, the high energy or Regge limit is dominated by the exchange of highest spin massless particles, namely the graviton. As one considers processes involving more and more graviton exchanges the series of ladder diagrams produced sum to an exponential phase which is usually referred to as the eikonal [1] [2] [3] [4] [5] [6] . This behaviour has been explicitly shown to be the case for massive scalars coupled to Einstein gravity as well as to theories including higher derivative corrections to the Einstein-Hilbert action [7] . These phenomena have also been observed in supergravity and superstring theories involving more exotic field content where both elastic and inelastic 2 → 2 processes are seen [8] [9] [10] [11] . There is also the question of subleading corrections (in the high energy limit) to the eikonal which correspond to diagrams which for example include 3-point interactions between the gravitons themselves. These corrections also exponentiate into their own series, the subleading eikonal [5, 11] .
In perhaps the simplest case of a single massless real scalar coupled to Einstein gravity, the leading and subleading eikonal have been computed assuming 2 → 2 scattering in a non-compact background manifold R 1,D−1 with D − 1 non-compact spatial dimensions. In this paper we want to focus on the case when one of the spatial dimensions is compactified on a circle of radius R, i.e. with a background manifold, R 1,D−2 × S 1 . There is a choice of where to orient the S 1 with respect to the plane of scattering. Here we assume it is along one of the transverse direction, so that the transverse momentum exchange q = (q , n/R) where q and q are continuous momenta in R 1,D−1 and R 1,D−2 receptively and n/R, n ∈ Z is the quantized momenta along the S 1 . This simple Kaluza-Klein compactification produces a surprisingly rich theory in R 1,D−2 where we find an infinite Kaluza-Klein tower of charged states emerging from the scalar and graviton in R 1,D−1 . In particular from this lower dimensional viewpoint, 2 → 2 scattering of scalar particles now involves generally massive and charged (with respect to the U (1) gauge field emerging from the metric in higher dimension) Kaluza-Klein particles, involving both elastic and inelastic processes. The latter involve massive Kaluza-Klein scalars which change their species via exchange of a massive spin-2, spin-1 and spin-0 states in the Kaluza-Klein tower. By contrast elastic scattering of scalars involves only the exchange of a massless graviton, photon and dilaton.
Our first aim is to prove that in the high energy limit for 2 → 2 scattering of scalars in the compactified model, the leading order one-loop contribution to the amplitude is proportional to the square of the leading tree-level contribution when written in impact parameter space. This provides strong evidence that the series should exponentiate if we consider higher loop contributions and allows us to identify the eikonal phase in the compact case. This calculation is carried out assuming general Kaluza-Klein masses m 2 i = n 2 i /R 2 , i = 1 . . . 4 for the 4 scalars involved (with the restriction that i n i = 0 implied by momentum conservation along S 1 ). As such it involves both elastic and inelastic processes.
We then specifically focus on the elastic scattering of Kaluza-Klein scalars and analyse the eikonal in various kinematic limits. These should be related to the deflection angle derived in the corresponding background metrics. For example, in the non-compact case in D = 4, it is well known [7] that a for a model with two real scalars of mass m 1 , m 2 , the eikonal in the the ultra-relativistic limit s |t|, s m 2 1 , m 2 2 is related to the time delay calculated in the background of a Aichelburg-Sexl shock wave metric. On the other hand, the limit where one of the scalars is light and the other ultra heavy, e.g. m 1 = 0 and m 2 2 > s |t|, the corresponding eikonal is related to the deflection angle in the background of a Schwarzschild black hole of mass m 2 [5, [11] [12] [13] .
We revisit these limits for our compactified model, focussing mainly on the case where we compactify from D = 5 to D = 4. In the ultra-relativistic limit, for fixed Kaluza-Klein masses m 1 , m 2 namely s |t |, s m 2 1 , m 2 2 , we find the eikonal phase is related to a compactified version of the Aichelburg-Sexl shock wave metric, which has appeared in the previous literature in the study of shock waves in brane world scenarios [14] . In the second kinematic limit we consider elastic scattering of a massless Kaluza-Klein scalar off a heavy Kaluza-Klein scalar of mass m 2 with m 2 2 > s |t |, we find the leading eikonal is related to the leading order contribution (in inverse powers of the impact parameter b) of the deflection angle in a Schwarzschild black hole of mass m 2 . However this is not the whole story. In fact at leading order in 1/b, the same result would hold for a charged dilatonic black hole background which is a solution of Einstein-Maxwell-dilaton (EMd) theory [15] . These are precisely the black hole backgrounds we should expect to be relevant in our model because the heavy Kaluza-Klein scalars are electrically charged and also couple to the dilaton field. This becomes clear when we move on to consider the subleading contributions to the eikonal which a priori contribute terms at order 1/b 2 to the deflection angle. These corrections involve the exchange of massless U (1) gauge fields and dilatons as well as gravitons between the two scalars. We find that because of the precise charge mass relation Q = 2M (in appropriate units) for the Kaluza-Klein states, these subleading corrections to the eikonal vanish. In terms of the corresponding deflection angle we understand the vanishing of the subleading 1/b 2 terms as a consequence of the extremal Q = 2M limit of the deflection angle in the background of a EMd black hole. This paper is structured as follows. In section 2 we introduce the action for Einstein gravity coupled to a real massless scale in D dimensions and its compactification to D − 1 dimensions on a circle, resulting in a Kaluza-Klein tower of charged massive scalars coupled to the massless graviton, dilaton and U (1) gauge field. Although there are also the massive Kaluza-Klein excitations of states of these aforementioned fields, they contribute to inelastic scattering of the massive charged scalars in D − 1 dimensions, we will focus on the eikonal of elastic scattering processes in the present paper. In section 3 we remind the reader of the known result of 2 → 2 Born scattering (single graviton exchange) of massive scalars in
We then compactify on R 1,D−2 × S 1 by quantizing the momentum along the circle as usual. We show how the resulting amplitude can be interpreted in R 1,D−2 as the scattering of 2 charged scalar fields with Kaluza-Klein masses m 1 and m 2 via single graviton, photon and dilaton exchange. We also perform consistency checks on the amplitude to show how we may recover the expected results in the R → ∞ and R → 0 limits where R is the radius of the compactified circle. In section 4 we calculate the one-loop contribution to the 2 → 2 scattering in R 1,D−2 × S 1 using standard methods of introducing Schwinger parameters for the internal propagators. We explicitly consider this scattering amplitude in the Regge high energy limit with s |t| whilst keeping t fixed, which is interpreted as the limit s |t | with Kaluza-Klein masses held fixed, where s , t are the Mandelstam variables of the theory on R 1,D−2 . In going to impact parameter space we find that corresponding amplitude is related to the square of the tree-level expression in precisely the way required for the eikonal phase to exponentiate. There is however a technical limitation in our proof which requires us to restrict to the case D = 5. In section 5 we look at various limits of the leading order eikonal expression alluded to above. We also relate the subleading eikonal in the Kaluza-Klein theory in a particular limit to the subleading eikonal from scattering massless states from a stack of Dp-branes. In section 6 we draw some further parallels and insights between massless scalar scattering off heavy Kaluza-Klein modes in our model and that of dilaton scattering off stacks of D0-branes in D = 4 or D6-branes in D = 10 in IIA string theory. In section 7 we discuss our results.
Kaluza-Klein Theory
In this section we briefly consider some generalities relating to Kaluza-Klein theory [16, 17] which we will use throughout the paper. For definiteness lets first consider the case D = 5 and thus R 1,4 compactified to R 1,3 × S 1 . We first need to identify the correct charges of the massive Kaluza-Klein scalars. We start with the D = 5 gravity action coupled to a real massless scalar field, 
where g µν , A µ and φ denote the D = 4 graviton, U (1) gauge field and dilaton respectively. Substituting the metric given by (2.2) into (2.1), including both the D = 4 massless modes arising from the D = 5 metric as well as the infinite tower of massive Kaluza-Klein states arising from Φ we find that the D = 4 action [18] is given by,
where k 2 4 = 8πG 4 , we note that the D = 5 and D = 4 gravitational constants are related by G 5 = 2πRG 4 and the parameter λ appearing in the D = 5 metric ansatz (2.2) is fixed to be λ = √ 16πG 4 in order to obtain the canonical form of the Maxwell term in the S 4 action. It is conventional to redefine the dilaton φ = e σ √ 48πG 4 which leads to a canonical kinetic term for σ. With this substitution we find,
Expanding the terms in the action about σ = 0 we see that the Φ n fields are massive, charged complex scalars, with
3 Scattering in the Born approximation In this subsection we first review the tree-level scattering of two massive scalar fields with masses M 1 , M 2 , incoming momenta p 1 , p 2 and outgoing momenta p 3 , p 4 via single graviton exchange. The resulting momentum space amplitude is,
where our Mandelstam variables conventions are In the large s, M 1 , M 2 fixed t high energy limit and neglecting the linear term in t which does not contribute to the eikonal phase at large impact parameter b, we find
where we have defined
If we now consider the above amplitude in impact parameter space, we define the momentum transfer as q ⊥ ≡ (p 1 + p 3 ) lying in the impact plane with b, the impact parameter, defined as the corresponding conjugate variable. This allows us to define the eikonal phase χ
where E = E 1 + E 2 . In the Regge high energy limit one may approximate t = −q 2 ⊥ thus allowing the integrals over the D − 2 transverse momenta to be carried out. The final result is
where
which we can see by defining k 1 = (E 1 , . . . , p) and k 2 = (E 2 , . . . , −p).
Scattering on
In this subsection we want to consider the case of large s fixed t eikonal scattering but where one of the spatial transverse directions has been compactified on a circle of radius R. The calculation is similar except that we have to replace an integration over continuous momentum with a sum over discrete quantized momentum along the S 1 when Fourier transforming the amplitude into impact parameter space. Let us define q ⊥ = (q ⊥ , q s ) with q s = n/R, n ∈ Z being the integer valued momentum number. Correspondingly, we partition the impact parameter b previously defined over D − 2 transverse directions into its components along the D − 3 transverse directions and the circle S 1 so we define b = (b , b s ). It will also be useful to define the new Mandelstam variable s pertaining to D − 1 dimensional spacetime, so s = −(p 1 + p 2 ) 2 where denotes momenta restricted to
. We note that in order to get the corresponding impact parameter space amplitude in
Using the fact that q ⊥ and q ⊥ are related via q 2 ⊥ = (q ⊥ ) 2 + (n/R) 2 , the impact parameter space amplitude for scattering on R 1,D−2 × S 1 can therefore be written as,
where we have defined m 2 1 = (n 1 /R) 2 and m 2 2 = (n 2 /R) 2 which we recognise as the KaluzaKlein masses associated with compactification on S 1 which are different from the capital M masses used in the previous section. Note that we have taken the 5-dimensional masses to be 0 as suggested by (2.1). We also notice that n = n 1 + n 3 . The integration over the q ⊥ momenta can be carried out explicitly giving,
7) where K n (x) is a Bessel K function. In the ultra-relativistic limit s m 2 1 , m 2 2 we find,
We can check the consistency of (3.8) by considering the two limits R → 0 and R → ∞ in which we expect to recover the previous expression (3.4) with D − 1 and D spacetime dimensions respectively. First we consider the limit R → 0. In this limit we expect only the zero momentum n = 0 Kaluza-Klein mode to contribute to the sum over t-channel states. This can formally be seen using the known expansion of the Bessel K functions K ν (z) ∼ π/2ze −z + .... as z → ∞ which applies when n = 0. For the n = 0 contribution we have to consider K ν (z) for z → 0. The behaviour in this limit is,
Hence we find,
Using this, the final result for the amplitudeÃ 0 (R) as R → 0 is 
where these quantities have been discussed in section 3.1. So we recover the expected result, namely the usual expression for high energy tree-level scattering but with D − 1 non-compact spacetime dimensions. We now consider the opposite limit of χ(D − 1, R) with R → ∞ where we should recover the expression χ(D) of (3.4). Noting that in this limit the discrete sum over momenta becomes a continuous integral
where we use the fact that s → s as R → ∞ and the integral I(b s /b ) is given by 
Using the relation between the impact parameters b, b and b s , 16) which is the same as (3.4) in the ultra-relativistic limit as expected.
In the above we have focussed on the ultra-relativistic limit s m 2 1 , m 2 2 . We now wish to consider relaxing this condition so that later on we can consider the comparison of scattering amplitudes and eikonal phases in the Kaluza-Klein theory with those previously studied in [11] which included massless dilatons elastically scattering off a large stack of Dp-branes. If we return to (3.6) and consider the momentum space amplitude from which it derives, we have,
This corresponds to a single D = 5 graviton exchange between the massive states Φ n in the Kaluza-Klein tower arising from compactification on R 1,D−2 × S 1 where we recall that
This scattering is inelastic if n 1 = −n 3 in which case massive D = 4 states are exchanged. We wish to focus here on elastic scattering so we will chose kinematics such that n 1 = −n 3 (and hence n 2 = −n 4 ) but both n 1 and n 2 non-zero in general. Then A 0 (D − 1, R) may be written as,
The first term in the round brackets is almost of the form of the diagram involving a single massless graviton exchange in D = 4 between two massive scalars, as given in (3.1) with choice D = 4. Therefore it is useful to rewrite A 0 (D − 1, R) in the form,
(3.19) Now the first term in the square brackets is precisely the contribution from a single D = 4 graviton. Based on the fact that a massless D = 5 graviton gives rise to a massless graviton, photon and dilaton in D = 4 (along with their massive Kaluza-Klein excitations) we would expect that the term in the second square brackets to correspond to massless photon exchange and finally that the last term to correspond to massless dilaton exchange. The several Feynman diagrams are shown in figure 2. Let us check that this is the case. The diagram for single photon exchange via the t-channel is easily computed in D = 4 scalar electrodynamics. Given two charged massive scalars of masses m 1 , m 2 and electric charges q 1 , q 2 , the resulting momentum space amplitude, A phot , is found to be,
Now in the Kaluza-Klein case we previously read off the charges from the action and so we can write q 1 = √ 2κ 4 n 1 /R and q 2 = √ 2κ 4 n 2 /R giving 21) which is precisely the contribution of the second square brackets in (3.19).
Finally we need to show that the final term in (3.19) corresponds to a single dilaton exchange in D = 4. This is straightforward as it only depends on the coupling between the massive Kaluza-Klein scalars Φ n and the dilaton σ which from the action (2.4) is found to be −i √ 6κ 4 m 2 n . The contribution, A dil is thus, 22) which is exactly the last term in (3.19).
Double Exchange Scattering

Scattering on R 1,D−1
In this subsection we will briefly calculate the one-loop double exchange scattering in normal flat space. We will remain general here and keep the masses of the two scalars non-zero and large. In order to more readily calculate the diagram in the high energy limit we will use the following approximation to the scalar-scalar-graviton vertex [3, 19] ,
where we have taken the incoming momenta p to be roughly equal to the outgoing momenta −p and have used the mass-shell condition. With this approximation to the vertex we can write the one-loop amplitude as,
The integral can be solved and in the high energy limit, we find,
Putting this together we find that, where we have neglected contributions that are subleading. Moving to impact parameter space as before we find that,
Comparing with (3.4) we easily see that iÃ 1 = 1 2 (iÃ 0 ) 2 as expected. Note that we have included both the contributions from the regular and crossed double exchange diagrams.
Scattering on
We want to compute the leading one-loop contribution to the scattering process considered in subsection 3.2. In doing so we will extend the results in the previous subsection to scattering on R 1,D−2 × S 1 . We will compute the one-loop amplitude in the ultra-relativistic limit but the results should easily extend to case where both Kaluza-Klein masses are kept large.
The method we use is the standard one of introducing Schwinger parameters t i for i = 1 . . . 4 corresponding to the 4 internal propagators of the diagram. Starting from (4.2), using (3.5) and making a change of variables from t i to T, t 2 , t 3 , t 4 where T = i t i we can express the one-loop amplitude in the ultra-relativistic limit as,
where we use the notation q +A/2T 2 = q +A /2T 2 + n/R+A s /2T 2 with q = (q , n/R) being the loop momentum on R 1,D−2 × S 1 and A = (A , A s ) with
The integral over the q momenta is just a Gaussian integral after shifting variables q → q − A /2T so that,
If we combine the n independent terms that multiply T in the exponential term in (4.9), we find after some algebra that this can be expressed as,
The appearance of the Mandelstam variables s , t and the mass terms m 2 1 = n 2 1 /R 2 , m 2 2 = n 2 1 /R 2 in the coefficients of α 2 3 and α 2 4 mean the expression above is what we would expect from scattering of massive Kaluza-Klein modes in R 1,D−2 .
The original high energy limit s → ∞ with t kept fixed, can be understood in the compactified case as the limit s → ∞ with t fixed and the Kaluza-Klein momenta n i /R, i = 1 . . . 4 fixed. Now in the s → ∞ limit, the only non-vanishing contributions in the α 3 , α 4 integrals come from the regions α 3 , α 4 → 0 so as to keep the term in the exponential from diverging. These integrals may then be solved after a wick rotation in R 1,D−2 which yield Gaussian integrals resulting in a factor
where E e is the corresponding energy in Euclidean space. Combining these results we find that the amplitude then reduces to,
We now wish to transform the amplitude to impact parameter space to check that the result is the square of the tree-level diagrams in impact parameter space, as we anticipate from the exponentiation of the eikonal phase [3] [4] [5] . Given that on R 1,D−2 × S 1 , the transverse momentum q ⊥ = (q ⊥ , (n 1 + n 3 )/R), with |t | = q ⊥ 2 in the high energy limit, we find that the impact space expression for the one-loop amplitudeÃ 1 (D − 1, R) is given by,
iq ⊥ ·b 1 2πR
which we can see by combining (3.3) with (3.5). The integration over the angular variables in the momentum integral d D−3 q ⊥ can be carried out yielding, as usual, Bessel J functions,
The integration over the remaining momentum magnitude, q ⊥ , can be carried out using the identity [20] ,
where in our case we have
2 , β = b . We then find,
) .
To perform the integration over α 2 it is convenient to make the change of variables, u = α 2 1−α 2 , leading to,
From [20] we find the following integral identity,
Although the remaining integration over u that we need to perform is not quite in this form for arbitrary D it is for D = 5. So taking D = 5 we find,
Putting all this together we find that the one-loop amplitude for D = 5 becomes,
An interesting integral identity involving Bessel K-functions is the so called 'duplicating' relation [20] ,
To make use of this identity we need to perform the change of variablesT = 1/T and then
2T . Performing these substitutions we then have,
Now using the identity given in (4.19) with
, doing so we arrive at the final form ofÃ
where we have used the ultra relativistic form of the tree-level scattering amplitude (3.8), for which s is much greater than the Kaluza-Klein masses of the scattering particles. This result corroborates our intuition that the eikonal exponentiates into a phase as suggested earlier. Note that although we have taken the ultra-relativistic limit for simplicity this result extends beyond the ultra-relativistic case. It should be emphasised that the exponentiated eikonal phaseÃ 0 (D − 1, R) is the quantity that is directly related to classical gravitational observables as emphasised recently in [21] . We shall investigate this in later sections by relating it to the deflection angles and various classical background geometries.
Various Kinematic Limits of the Eikonal
The Leading Eikonal in the Ultra-Relativistic Limit
In the ultra-relativistic case where s m 2 1 , m 2 2 where m 2 1 = n 2 1 /R 2 , m 2 2 = n 2 2 /R 2 are the Kaluza-Klein masses, we expect the eikonal to be related to the deflection angle or time delay of a relativistic particle moving in the background geometry corresponding to the Aichelburg-Sexl (A-S) shock-wave metric [7] . However since in our case one of the transverse directions is compactified on a circle, we have to reconsider the form of the A-S metric on
First lets review the non-compact case. In R 1,D−1 the form of the A-S metric is,
where u, v are the usual light-cone coordinates and x i , i = 1, . . . , D − 2 are the flat transverse coordinates. For the non-compact case we will follow the discussion in [7] to make contact with the eikonal. The stress-energy that sources the A-S metric is due to a relativistic particle moving in the v-direction carrying momentum −P u (P u < 0 producing a shock-wave at u = 0),
The Einstein equations reduce to
The function h(u, x i ) is clearly related to the Green functions of the Laplace operator on the flat transverse space, so the general solution is (for D > 4),
In order to have continuity in v as a second particle with momentum p v moves across the shock-wave in the u direction at transverse distance r = b one can remove the singular term δ(u) in the metric by defining new coordinate v new
where θ(u) is the usual step function. This leads to a corresponding Shapiro time delay as the particle crosses the shock wave
This result is consistent with the leading eikonal χ(D) of (3.4) with
where we identify, s = 4p v P u . Now lets consider the case when the shock-wave is due to a particle moving in R 1,D−2 ×S 1 . The form of the metric becomes,
where y is the coordinate on S 1 with y ∼ y + 2πR. Note that (x i , y) are still transverse to the shock-wave. The stress-energy tensor in this case becomes,
where we have given the representation of the delta function on S 1 in terms of the quantised momentum modes. The Einstein equations reduce to,
where ∇ 2 ⊥ is the Laplacian on R D−3 . The solution to h(u, x i , y) is
where K ν (x) are Bessel K functions and r 2 = D−3
i=1 (x i ) 2 . Considering a second particle moving through this geometry, now separated from the first by the impact vector b = (b , b s ) i.e. the particle approaches at minimum distance r = b in R D−3 and y = b s along the S 1 . The corresponding Shapiro time delay is,
This agrees with the leading eikonal expression (3.8) in the ultra-relativistic limit s 
The Leading Eikonal in the Large Kaluza-Klein Mass Limit
We can choose a particular set of kinematics for (3.6) in order to reproduce and make contact with the deflection angle of a probe in the background of a Schwarzschild black hole in the R 1,D−2 non-compact sector. In order to do so we will let n 1 = n 3 = 0 (such that our probe has zero Kaluza-Klein mass) and m 2 2 > s t and work with D = 5 (we also show this result for general D below). In this limit we find that (3.6) becomes,
(5.14)
We can write the momenta of the incoming external particles explicitly as p 1 = (p 1 , p 1,s ) with p 1 = (E, p) and p 2 = (p 2 , p 2,s ) with p 2 = (m 2 , 0, 0, 0) We then have for s − m 2 2 , 
We find that the equation above agrees with the results in [5] . We can now relate this to the leading order contribution to the deflection angle. Using the fact that,
We find for the deflection angle,
This is the well known expression for the leading contribution deflection angle of a massless probe in the background of a Schwarzschild black hole. In fact this result is found to be universal. We find the same expression for the leading contribution to the deflection angle of a Reissner-Nordstrom black hole [22, 23] as well as for the EMd black hole described in appendix A. We will see in the next section that this EMd black hole is in fact the relevant black hole solution for the case we are considering here. This universality is due to the fact that no matter what source you are scattering from, the high energy limit of the Born amplitude is always the same [9] [10] [11] . We can also generalise this to arbitrary spacetime dimensions D. In this case we find that (3.6) becomes,Ã
We therefore find for the deflection angle,
where we the D-dimensional generalisation of the Schwarzschild radius is given by,
We find that this equation for the deflection angle is equivalent to the expression (D.12) found in appendix D of [11] (with the above modification for the Schwarzschild radius in this context). Note that here the dimensionality is shifted by 1 since the black hole resides in the D − 1 uncompact dimensions.
The Subleading Eikonal in the Large Kaluza-Klein Mass Limit
In this section we find the subleading corrections to the eikonal for high energy scattering of a neutral scalar particle off a heavy Kaluza-Klein state extending the analysis on the leading eikonal in the previous section. There we showed the leading eikonal in the scalar-gravity theory compactified on R 1,D−2 × S 1 reproduced the expected leading contribution to the deflection angle in the case of a EMd black hole living in D − 1 dimensions. Which we noted was equivalent to the leading contribution of the Schwarzschild black hole result. However as is well known, massive Kaluza-Klein states also couple to the dilaton and massless gauge fields that are part of the higher-dimensional metric and as we know from [9] [10] [11] these interactions should start contributing at the level of the subleading eikonal. We know that for general spacetime and world-volume dimensions there is a subleading contribution to the eikonal for a scalar scattering off of a stack of Dp-branes [11] . However in the case of D = 4, p = 0 this subleading contribution vanishes. Note that in D = 4, p = 0 case the stack of N D0-branes carry a net electric charge N µ 0 and the RR field coupling to the D0-branes is just an abelian gauge field C µ . Since the states exchanged in the D0-brane scattering case are equivalent to the states exchanged between the scalar probe and heavy Kaluza-Klein state we would like to extend the results found in [11] to the case we are considering here.
In order to do this we will argue that both the supergravity action and the Kaluza-Klein action, (2.4), are equivalent in the appropriate normalisation. We will map both actions to the field normalisations used in (A.1) so that we can also use the deflection angle results presented in appendix A. From [11] , with D = 4 and p = 0, we have the supergravity action,
Putting this action in the same normalisation as (A.1) by changing,
where C µ is the gauge field associated with the field strength F 2 . We find that,
This is now in the same normalisation as (A.1) and we can see that the parameter a takes the value √ 3. Note that in this normalisation the mass and charge of the D0-brane become,
where we have used the fact that µ p = √ 2T p . Hence we find a relationship between the mass and charge given by Q = 2M .
We can now consider the Kaluza-Klein action (2.4). In this case we find that the action after the substitutions,
becomes,
We find that the massless sector of this action is equivalent to the action (A.1) with a = √ 3. We can also look at what happens to the mass and charge in this case, 28) and so again we find that Q = 2M . This analysis suggests that we can simply use the results previously derived in the case of a D0-brane, for the scattering from a heavy Kaluza-Klein mode which we are considering in this paper. We have shown this equivalence explicitly for the simplest diagram with double dilaton exchange in appendix B. This then implies that we have, χ
where χ
KK (R) is the subleading eikonal in the Kaluza-Klein theory. We can now compare this to the deflection angle result derived in appendix A. There we found that the subleading contribution to the deflection angle is given by,
Using the fact that in the normalisation used we have the relation Q = 2M we find that,
Which is consistent with the fact that the subleading contribution to the eikonal has been found to be zero.
D0-DBrane Duality and Magnetically Charged Dilatonic Black Holes
We have seen that the 4D action (5.24) follows from the dimensional reduction of 5D Einstein gravity and has electrically charged dilatonic black hole solutions where the deflection angle of neutral light particles agrees with the eikonal scattering of dilatons off a stack of D0-branes in D = 4 not only at leading order but also subleading. The action (5.24) with a = √ 3 is a particular case of a more general class of D-dimensional actions considered by [24] , 
The authors of [24] showed that (6.1) has both electrically charged 'elementary' solutions corresponding to d − 1 branes (if we include the source action coupling the field A d to the world-volume of the d-1 brane) as well as solitonic magnetic solutions to the action I D (d) without sources, interpreted as magneticd − 1 branes. The electric and magnetic charges (e d , gd) satisfy Dirac quantisation condition, In [24] a dual action to (6.1) was proposed in which the roles of the equations of motion and Bianchi identities are interchanged. The action has elementary solutions corresponding to magnetically chargedd − 1 branes as well as electrically charged solitonic d − 1 branes,
Note the sign of α(d) has changed sign compared to (6.1) and the dual field strengthFd +1 is defined as,Fd
An interesting feature of this action is that the solutions mentioned have the same metric as (6.1), the dilaton solutions are the same but with the sign of α(d) reversed and the electric/magnetic monopole solutions for the field strengths are interchanged. In the case of D = 4,d = 1 we get a dual action to (5.24),
The explicit electrically charged solutions of (6.1) for D = 4 and in the normalisation (6.2) are,
where k 1 = 2Q = 4M . We can see this by taking the extremal limit r + = r − of the solution detailed in appendix A and making the coordinate redefinition r = y + r + where we then find the above solution upon identifying k 1 = r + which then gives r + = 2Q and M = r + /4 = Q/2.
As was pointed out in [24] the actions (6.1) and (6.6) On the other hand we can perform a different dimensional reduction, the so called 'double' dimensional reduction on the dual action (6.4) with D = 10. Such a reduction involves directions parallel to thed−1 brane, so we have in general dimension D,
. If we know consider a D6 brane in D = 10, then double dimensional reduction yields a particle action in D = 4, (
. This is the action (6.6). Thus D0-D6 brane particle/brane duality in D = 10 reveals itself through the dual D = 4 actions (5.24) and (6.6).
As mentioned both actions have solutions (elementary or solitonic) with the same metric. This implies that both actions give the same expressions for the deflection angle of massless particles moving along geodesics in the corresponding curved geometries. In the case of a stack of D0-branes we saw that the eikonal for dilatonic scattering has vanishing subleading contributions in D = 4 which is consistent with the absence of such terms in the deflection angle formula derived in appendix A (when one considers the extremal case Q = 2M ). From what we have discussed above, the same should be true for scattering dilatons off a stack of D6-branes in D = 10. In [11] it was shown that the expression for the subleading eikonal for scattering off a stack of N Dp-branes has a factor of Γ(D − p − 4) in the denominator. This factor diverges, and so the subleading contribution vanishes, not only when D = 4 and p = 0 but also for D = 10 and p = 6.
The corresponding extremal black holes in the case of D6-branes are magnetically charged with extremal values P = 2M , with P being the magnetic charges in geometric units. These are just the dual of the extremal electrically charged Q = 2M black holes discussed earlier. The general (non extremal) magnetically charged black holes are just the solutions to the dual action (6.6).
Discussion
In this paper we have investigated eikonal scattering in one of the simplest examples of a Kaluza-Klein theory, namely 5D Einstein gravity coupled to a real, massless 5D free scalar field, compactified to 4D on a circle. Despite this there is a richness to the 4D theory since it contains, in the massless sector, a massless scalar originating from the 5D massless scalar and a graviton, U (1) gauge file and a dilaton, which originate from the 5D graviton. The massive sector contains a Kaluza-Klein tower of massive scalars charged with respect to the gauge field whose mass and charge satisfy the relation Q = 2M in appropriate units. Their masses and charges have the usual interpretation of quantized momentum states moving around the circle. In considering 2 → 2 scattering of these massive 4D scalars there are both elastic and inelastic processes involved. Thus from the 4D point of view it is quite a complex system. It has already been previously shown that for simple scalar gravity theories in non-compact dimensions, contributions with a higher number of gravitons exchanged exponentiate into a phase [3] [4] [5] which we have briefly reviewed here. Thus our model is an extension of this case. The proof that the eikonal exponentiates to all orders in our model is something that would be interesting to investigate. We have seen that the one-loop contribution (double graviton exchange) is indeed the square of the tree-level contribution (single graviton exchange) as implied by the exponentiation of the eikonal phase. One may intuitively expect that the exponentiation holds at all orders since in the limit of infinite or zero compactification radius R we recover the 5D or 4D Einstein-scalar theories, for which we know the eikonal phase exponentiates. But explicitly proving this even at the one-loop level, as we have shown, is rather non-trivial.
An interesting test of our expression for the eikonal phase in the compactified case were the comparison and agreement with deflection angle calculations in the various corresponding background geometries. We found agreement in the ultra-relativistic limit where the corresponding geometry was the compactified version of the Aichelburg-Sexl shock wave metric. We also considered the heavy Kaluza-Klein mass limit where we found agreement with the deflection angle calculated from a Einstein-Maxwell-dilaton black hole. This was as one might have expected because the heavy Kaluza-Klein modes are also charged under the U (1) in 4D and also couple to the dilaton.
There has been recent interest in investigating binary black hole systems in the postMinkowskian approximation [25, 26] as these results could provide useful theoretical modelling of gravitational waves detected by LIGO [27] . Recent work [28] has investigated the particular case of binary Einstein-Maxwell-dilaton black holes in the post-Newtonian approximation. We believe that our result for the eikonal in Kaluza-Klein theories, The massless sector of the Kaluza-Klein action given by (2.4) supported the well known Einstein-Maxwell-dilaton black hole solutions whose extremal Q = 2M limit gave deflection angles consistent with the eikonal calculation in the limit where one of the 2 scattering massive Kaluza-Klein scalar is taken to be very heavy. We also saw that there was the natural dual action given in (6.4) which has dilatonic magnetic black hole solutions. In the electric case we could understand the heavy electrically charged Kaluza-Klein mode as sourcing the background Einstein-Maxwell-dilaton black hole geometry felt by the massless scattering particle. In the magnetic case it is not clear, from a field theory point of view, what the dual 'sources' to the massive electrically charged Kaluza-Klein scalars are. However in the context of string theory, scattering dilatons off stacks of D0-or D6-branes, we saw that the situation was clearer. Dimensionally reducing both cases from D = 10 to D = 4 gives rise to the dual actions (5.24) and (6.6) respectively [24] . The electric/magnetically charged point particles in D = 4 are just the D0-branes and the wrapped D6-branes respectively.
Apart from the purely magnetic or electric dilatonic black hole solutions we have discussed in this paper, there exist explicit solutions describing more general dyonic black holes carrying both kinds of charges and which also carry angular momentum [29, 30] . It is interesting to speculate that the deflection angle calculation in these geometries should correspond to eikonal scattering of dilatons off a stack of bounds states of D0 and D6-branes. Bound states of D1-D5 branes in IIB string theory and eikonal scattering have been investigated in [31, 32] . The D0-D6 brane bound state systems are more involved as a priori they are not stable unless one turns on a background B µν field [33] . Nevertheless if one can derive suitable Feynman rules for the coupling of gravitons, RR fields and dilatons to such bound state sources, the eikonal computations could be carried out along the lines described in [11] . Since the D0-D6 bound states carry orbital angular momentum it could provide yet another interesting connection between scattering amplitudes on the one hand, and gravitational waves sourced by rotating binary black hole systems [34] [35] [36] [37] . graviton contribution is split into a 4-dimensional graviton, gauge field and dilaton field contribution. We derive the dilaton-scalar vertex from the action (2.4) and find this to be equal to −i √ 6κ 4 m 2 as before. We want to calculate the diagram in figure 4 . Taking the probe scalar to be massless, i.e. n 1 = −n 3 = 0, and the mass of the Kaluza-Klein source, m, to be large, we find that, where k is the momentum in the loop, we have divided by √ 2m for each external massive particle and in the second line the ellipses refer to contributions which are subleading. We can show that in the large mass limit the integral above, 2I where we have neglected terms that are subleading in energy or mass. This is equivalent to the result found for the D0-brane in 4-dimensions in [11] where we account for the change of labelling 2 ↔ 3 and take the D0-brane mass to be m = N T p=0 /κ 4 .
